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A Appendix Roadmap

This appendix provides supporting material organized as follows:

+ Experimental Setup (Appendix [B): Model architectures, hyperparameters, and training
configurations.

* Factorization of Representation Capacity (Appendix [C): Detailed analysis showing how
representation capacity matrices can be factorized for various compression techniques
including quantization, sparsity, and their combinations.

* Ablation Studies on Law Formulation (Appendix [D): Investigation of different noise
distributions (Gaussian, Logistic, Student’s t, Laplace) and functional forms (tanh, logistic)
for the scaling law formulation.

* Scaling Laws for Vector Quantization (Appendix [E): Implementation details and algo-
rithms for vector quantization approaches, including forward and backward pass descriptions
for HIGGS-based training.

* Breaking the Scaling Law (Appendix [F): Demonstration of how training-time overparame-
terization with learnable block diagonal matrices can exceed FP16 performance (p > 1).

* Theoretical Support (Appendix|G): Convergence analysis for Adam optimizer with Straight-
Through Estimation (STE), including complete proofs and supporting lemmas.

* Improved Sparse Training via RBBM (Appendix [H): Comparison of our backward mask
heuristics against Rigl. and Gradual Magnitude Pruning, with detailed descriptions of
different masking strategies.

B Experimental setup

Hyperparameters. Table 2] summarizes the architectural and training hyperparameters for each
model size.

Model size # Layers # Heads # Embeddings Learning rate

30M 6 5 640 1.2-1073
50M 7 6 768 1.2-1073
100M 8 8 1024 6-10~4
200M 10 10 1280 3.1074

Table 2: Key training hyperparameters for each model size.

We use 8x80GB H100 machines for efficient training, and training one model takes on average 1 hour.
To produce the full set of results we ran in total approximately 250 such training runs for various
compression configurations.

C Factorization of Representation Capacity

Figures [6}j9] show factorization of the representation capacity matrix for various in-training compres-
sion techniques:

1. Quantized weights and activations (Fig. [6).

2. Sparsity + QUEST quantizer (Fig.[7).

3. Joint sparse & quantized weights + activations (Fig. , for all combinations (s4, g4, g») for
sparsity s, € [0.25,0.5,0.75] and bit widths q,, ¢ € [2, 4, 6].

4. Sparsity + uniform quantizer with maximum absolute value as a scale (Fig. [9).
From the factorized representation-capacity matrices we observe the following:
1. The element-wise error of the fitted coefficients p (from our scaling law) is of order

1073-1072
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2. A rank-1 row-column outer product accurately approximates the matrix, confirming the
multiplicative property of representation capacity p in various scenarios.

3. Approximation error remains of the order 1072, except for the cases of extreme 2-bit
quantization, where p < 0.1. We explain this gap due to the poorer performance of the
optimizer in these extreme compression regimes, which is not taken into account currently
by our model (as it uses the same coefficients for both 16 and 2 bits).

True p(P) Approximated p(P) Absolute error
140.09 0.15 0.19 020 0.21 140.04 0.10 0.16 0.19 0.21 1{0.04 0.06 0.03 0.01 --
9 24015 0.30 0.40 0.45 0.45| ¥ 240.09 022 0.35 0.41 0.45| ¥ 240.06 0.09 0.06 0.04 -
o e} o
£ 34019 0.42 0.62 070 0.74| € 340.15 0.36 0.57 0.67 0.74| € 3{0.03 0.06 0.05 0.03 -
o o o
() () ()
= 44020 046 072 0.85 0.90| = 440.19 0.43 0.69 0.82 0.90| = 4-0.01 0.03 0.03 0.03 -
164021 0.48 0.76 0.91 1.00 164021 0.48 0.76 0.91 1.00 164 —~ - = = -
1 2 3 4 16 1 2 3 4 16 1 2 3 4 16
Activation bits Activation bits Activation bits

Figure 6: Representation capacity coefficients for independent quantization of weights and activations.
Element-wise p fitting error is not greater than 5 - 1073,

True p(P) Approximated p(P) Absolute error
2 40.570,000.540,000.42.40,040-33+0.00 24 057 048 039 028 24 - 0.07 0.02  0.05
3 40.75+0.010.66+0.040.57 +0.030.35 0.0, 34 075 0.63 0.52 0.37 39 - 0.02 0.05 0.02
(%] %] 0
= 40.8740.000.8110000.6840.000.46:000 = 4 0.87 0.74 0.61 0.43 = 4 0.08 0.07 0.03
om o m
8 40.99:0.010.9040.010.75:+0.000.51 +0.01] 84 0.99 0.84 0.69 0.49 84 - 0.06 0.06 0.02
16 1.00+0,010.840,010.70+0,010.50+0,01 164 1.00 0.84 0.70 0.50 16 1
0.0 025 05 0.75 0.0 025 05 0.75 0.0 025 05 0.75
Sparsity Sparsity Sparsity

Figure 7: Representation capacity coefficients with fit errors in case of sparsity combined with the
QuEST quantization.

0.08 T
i X
5 0.06 5
W 0.04 ¢
3
< 0.02 i
0‘00- x T T T T T
03 04 05 06 07

Sparsity
Figure 8: Representation capacity fit errors for sparse+quantized weights and quantized activations.
Error bars denote +1 standard deviation from the mean.
D Ablation studies on Law Formulation

D.1 Evaluating RMSE across Different Distributions

We investigate how the choice of noise distribution used in our law formulation from Sec. .1 affects
the predicted representation capacity. In Figure we plot the mapping p(M SE) for different bit
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Figure 9: Representation capacity coefficients matrix for sparsity applied with uniform quantization.
Element-wise p fitting error is not greater than 2 - 1073,
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(a) Effect of input noise distribution on the mapping (b) Different functions used to fit p(M SFE)

p(MSE).

widths using Logistic, Student’s t, and Laplace noise distributions. Each distribution is rescaled to
have zero mean and unit variance.

We observe that, no matter which noise distribution we choose, the mapping p(M SE) always remains
strictly monotonically decreasing. In principle, one could use heavy-tailed distributions (for example,
Student-t or Laplace) to give more weight to extreme outlier errors. However, this leads to a smaller
range of MSE values. By contrast, assuming Gaussian noise—which we propose—produces the
widest spread of MSE, which in turn allows for a better fit for the scaling law. In short, although
monotonicity is preserved under various distributions, the Gaussian MSE delivers the best overall
representation capacity prediction, so we adopt it as our default formulation.

Throughout this work, unless specified otherwise, MSE is computed over standard Gaussian input.

D.2 Functional form of the Law

The behavior of p( GMSE') observed in our experiments can be captured by fitting multiple smooth,
monotonically decreasing functions, with no more than 2 additional parameters. In principle, a wide
range of such functions can be used to model this relationship, depending on the desired fit properties.

For lower overall fitting error, we found it beneficial to constrain the functlon to satlsfy boundary
conditions f(0) = 1 and f(c0) = 0. For instance, the logistic form Trom(e bg(MSEH)) = TF MSEA

provides a good empirical fit, as shown in Figure[T0b] for weight quantization across 1-8 bit widths.

In cases where it is important to constrain MSE below 1, one may instead prefer the condition
f(1) = 0. Although this typically results in a worse overall fit, it enforces the correct behavior in
the high-error region M SE < 1, which is critical for stable predictions in the extreme compression
cases. The corresponding fits, including those constrained at f(1) = 0, are summarized in Table
and visualized in Figure

The choice of functional form reflects the trade-off between global fit quality and targeted accuracy
for larger MSE values. Throughout this work, we adopt the constraint f(1) = 0 and functional form
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\ Functional form | Fitting error (MSE)

Tanh tanh(F - log; ;, MSE)“ 1-1073
Logistic (14 B-MSE*)~! 1-1074
1 — MSE4
Logistic (1,0 — 1-1073
gistic (1, 0) 1+ B MSEA

Table 3: Functional form choices and associated fitting error.

of hyperbolic tangent. As for the exact functional form, under the stated constraints, we find that the
the specific choice between tanh and logistic sigmoid has little effect on overall fit quality.

E Scaling Laws for Vector Quantization

In this section, we provide detailed information about the Vector Quantization approach used to
produce the results in Figure 2(a). Algorithms[I]and [2]describe the forward and backward passes
over a linear layer actively quantized with HIGGS for row-major weights. As was described earlier,
our method is combines ideas from Panferov et al. [24] for the gradient estimator, and Malinovskii
et al. [22] for the lattice representation. We use the trust estimation method that zeros out gradients
for any point lying outside a hypersphere of radius R: ||z||3 > R?. Our experiments were conducted
on 30M and 50M models using the same set of hyperparameters as in Sec.

Algorithm 1 VQ Training Forward

Input: Input activations x, row-major weight w
wp, = HT(w)

Wp, = PIOjgpiq Wh

y = xwj

Return: Y. X, Wh, Mgm-d(wh; Wh)

A

Algorithm 2 VQ Training Backward

1: Input: %, X, Why Myria(Wn; Wh)
2: g—i = %Wh
3. DL _ Y TOL
4
5

D awn — X 5y
. oL _ @ oL
G =1IHT (Mgmd(wh,wh) © Wh)
oL OL

: Return: Ix’ ow

F “Breaking” the Scaling Law by Training-Time Overparametrization

One observation stemming from our law is that it is possible to overparameterize the model during
training while keeping the number of inference-time parameters the same. This can be achieved by
multiplying the weight matrix W by a learnable block diagonal matrix R, which is then “folded” into
the model at inference time. The forward pass takes the form of X (RW )T during training and X W7
at inference. While R is omitted during evaluation, maintaining the original model size, additional
parameters add flexibility during training and improve the representation quality.

For each weight matrix, we initialize our rotation matrix with a block-diagonal Hadamard, with the
block sizes equal to 128, and learn it alongside W using our loss function. We train the 30M and 50M
models using the same experimental setup as in Sec. [2| with rotation matrices, calculate the effective
representation capacity, and compare it to baseline.

We observed that it results in a representation capacity p = (1.07 £ 0.04), indicating that model
trained with such overparameterization outperforms the bf16 baseline (p = 1), even though their
inference costs are identical.
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G Theoretical Support

Here we provide the full proof of Theorem I] giving a convergence analysis of the Adam optimizer
when used with STE. For completeness, the description of the algorithm is presented in the Algorithm

gl

Algorithm 3 Adam with Straight Through Estimation (STE) and AMSGrad normalization

1: Input: parameters 31, B2 € (0,1), € > 0, step-size n > 0, §; € R%, my = vg = g = Oy
2: fort ={1,2,...,7} do

3: é\t =C(6,) © Compress the model via quantization and/or sparsification
4 = Vo f(6:) ¢ Compute STE for compressed model
5: = Bime—1 + (1 — B1)gs < Update first-order gradient momentum
6: vy = Pave—1 + (1 — Ba2) gt2 o Update second-order gradient momentum
7: 0 = max(ve, Vg—1) < Apply AMSGrad normalization
8: Oiy1 =0 —n \/% ¢ Update the uncompressed model parameters
9: end for ’

Proof. Let G be the gradient bound with respect to /2 norm, that is, l2 < G. Using the

relationship between /5 and /., norms, we conclude G < VdG . Let Ty = Diag_l/ (0t + €) be the
preconditioning (diagonal) matrix and rewrite the main update rule as

0t+1 = 9t - T]tht.
Letting 6y = 61, define virtual iterates x; as follows:

1 B1
0, — 0,
1—p 0 1—-p !

Ty =

In particular, z; = 6. Then, the update rule for the virtual iterates becomes
1 P
0i11 — 0,
1—51(t+1 )~ 1—p

= ——Iymy + L —— T 1my—1

1—51 1-5

(0r —6i—1)

Tt41 — Tt

Ui nB1 nB1
T I, _1 £
1—p tmt+1—ﬂ1 L )
nB1
Le(my — Bmy_y) + (Ty—1 —T¢) my—a
def A,

Tymy_q

n
1=5

Alymy_q.

nB1
—nl
ntgt+1 3,

Next we apply smoothness (Assumption|[I]) of the loss function f over the iterates x;:
L 2
Fl@enn) < flwe) + (VF(@e), 21 = 20) + Sllzes — 2™
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Taking expectation and splitting the inner product into two part, we obtain

E[f(@e41)] — E[f (2]
—nE[Vf(xt),Tege)] +nE |:<vf($t) 1 fﬁ ATl'ymy— 1>}

\ 21

—  —WE[(V(6,),Tig)] +1E KW (z2), 16}1“””“”

In the following, we bound all the four terms mentioned above.

IN

n?L
+7E tht — A]-—‘tTnt—l

b1
1-5

17

2L 2
+—E

ATymyq|| | +nE[(Vf(0:) — Vf(21),Tegr)] - (%)

v

Tige —

B1
1-5

111

Bounding term 1. Let ||AT";|| be the operator norm (with respect to ¢ norm) of the matrix AT.
Since AT"; is diagonal, the spectral norm coincides with the largest diagonal value in magnitude.

Using unbiasedness of the stochastic gradients, we have
I = —nE[Vf(0:),Ti-19)] = nE[Vf(0:), Alege)]

< =i [(V1(0),Te1V 1 (0))] +nGE[| AT,
= B [(VS0), D1V I @))] + 1B [(T1B) = V100,71V (B1))] + nG2E]| ATy
< =D in(Ce-)E[[VF @) IP) + nLGE[|Ts-1]l[18 — 6:]l] + nGE[| AT
< —CiOE[IIVf(Gt)HQ] +LGE[[|0y — 0| - [ITe—1]] + nGZE[ AT ],
where we used Assumption 2]and Lemma [3|to bound
_ of 1
Ania(Teer) 2 (etllmas €)% 2 (67 +6) 2% o
Bounding term II. Splitting the inner product again and bounded each term, we get
11 = [<Vf<et>,1ff1ﬁlmtmt_l>} R [<Vf<xt> VI, 2 AT, >]
2
L
< 10 E{IV @) AT me[[] + ¢ LA g BT —amia | - [|ATimg o []]
1-5 (1—p1)2
nﬁl QBfLGZ
< AT ————E|[||AT 7

where we used the fact that the largest eigenvalue A\pax (T¢) = ||T¢|| = (|0¢lmin +€)71/2 < e 1/2,
The second inequality is due to the smoothness of f, and the last inequality is due to Lemma [I]
Assumption 2] and the property of norms.

Bounding term III. This term can be bounded as follows:

2 7] LB}
ITT < n*LE [[Togel”| + a-gpE [1AaTm, ]
n°L > 3 n’Lp7
< T=Elllg, — VI @) + V6 + = e =
n’L LG
< 1= (BUVSGI] + ) + (T BlIAT
2 . 2102  n?LB2G2
< TER(IV @I + T+ PO pyjar,, ®
€ € (I=p5)?

19
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646 where we used Assumption [3|that g; is unbiased with bounded variance o2.

647 Bounding term IV. Finally, for the fourth term, we have

IV =ngE[(Vf(0:) = Vf(2:),Ti—190)] +nE[(Vf(0:) — V f(x1), AT'tgs)]

< (V500 - V0. T 1 @))] + EE R o AT )
(@) mp n n*p1LG?
< e ENVF@IP)+ LBV 6 = V)P + =5 EIIAT]
@ np 0 AL 2] | 1*BLG?
< S EIVICIP] + 5o ITemes ] + oS —EllAT)]
np 5 n’BIL? 2], MLAG?
< ?EE[HVJC(@QHQ] + mE [Hmt—lﬂ } + mE[HAFtH]a )

es8  where (a) is due to Young’s inequality and (b) is based on Assumption[I] Now integrating (6), (7)),

s (8), @ into @),

I < = ZLE(IV @)+ nLCE]d; — 0] - Vi ] + nG2E[ AT |

7751 T a9 -~
5 (1 —B)?Ve
2L ~ 172L0' n B%LGZ
: LRV @I + e ta-ay

E [lme-a]*] +
pE

24827 (2
I nBiLG

IN

GZE[| AL]] + E[|AT: ]

117

IN

E[|AT||*)

L G?

v 1= B)ve

IA

LEVI @I + E[|| AT ],

650 and taking the telescoping summation over t = 1,...,7, we obtain
Elf(zr41)] — ELf (1))

T
n L np Tn’Lo® AL [ ]
< (- 0= E[|V E
< + o+ >§ IV £(0)]%] + - e P€t§1 M|

G? 25, LG? LG? LG
# ({2 )ZEIIARII it QZ]EIIADII + 8 ZEnat 00 T )

n  n*L  mp n*B3L2
Co € 2¢  2(1—B1)3pe

nG? 0?1 LG?
(2 + o ZEnArtn QZEIIABII ZEnat ol Il

T
Tn*Lo?  Tn3L?Bi0?
SCENVA@)+ +2(1_ T

t=1

651 where we used Lemma Choosing p = and n<no def (41]_:6501)

and using Lemma we get
TUSLQCoﬂ%O'Q
(]. - ﬁ1)262

G2 2B LG2 LG ~
+ + E[||16, — 6, - [IT,_1][I.
(= Bve " (1= B T;mttwtm

T 27 2
Blfer) ~ (o] <~ S EIVI@I L & Lt

+
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652 Re-arranging terms, we get

T
f(61) = f* nLo* n*L?CyB30?
; IVF@I? < 200( )L ke

T € (1—51)2€e?
2 LG? 20,LG 0, —0
+4Co( G 4 nB1 LG ! ) CoLG [0 _ tl2 ’
T(l*ﬂl)\/g T(]-_Bl) € T —1 \/ €+ ||'Ut71||min

653 where in the last inequality we used 21 = 6; and the lower bound f* < f(6) for all § € R?. Finally,
654 choosing 77 = min(7, ﬁ) and considering the two cases, we continue

1 & 1\ f(6)— f*  Lo*  L2CyB2c>
T;E IVSGIIF) < 2Co (max (1’ 770\/T> VT o (- 51)262T>
G2 B, LG? ) QCOLG 16 — 64|
4C, 0t 2
- 0 (T(l_ﬁl)\/é+ T3/2(1_ﬁ1)2 g \/6+||@t1||min]
< 20, (fwl)_f* L Lot LCopio? )

VT evT (1= p1)*eT

00— 17 & 8,LG?
+4C”( ol (1—61)ﬁ+T3/2(1—51)26)

Z 16; — 9,:2] :

QCOLG

655 Using the bounds G < VNG, Cy < \/Tﬁ C and surpessing higher order terms, we simplify the
656 bound to

T
CLG C\/ﬁ Lo N3/2
7 S EIVIGI < &7 TZH& ola| N+ S2E (50 - 5+ )0 (217)).
657 which completes the proof of the theorem. O

es8 Lemma 1. For anyt > 1 the following bounds hold:

mell <G, Y B [Iml?) < To? +ZE[||Vf<et 2] (10)

t=1 =

659 Proof. Let us start with the proof of the first bound on m;,.

2
[mesil® = [|Bimu + (1= B1)ges |
< Bullmel? 4+ (1= B1)l|gesr |
t+1 41

IN

Billmall + (1 = By) Zﬁfﬂ "llg-lI* = (1= B1) Zﬁ’f“ "llg- I

Using the bounded gradient assumption, we get

Ime]|* < (1= B1) GQZBi TG

T=1
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To derive the bound with expectation, we apply Cauchy-Schwartz inequality and the bounded variance
assumption:

T T t
DE[mlP] < (=50 > AE[lg-]’]
T
< ZEMMﬂziﬁﬂM—Vﬂ%+Vﬂ®W]
t; t—A . )
< Y (P+E[IVF@I]) =T+ Y E IV @I

Lemma 2. For AT', =T,_1 — Ff we have

Z |AT| SN Z IAT < -

Proof. From the definitions of I', = Diag™ /> (U + ¢€) and ¥y = max(vy, U;—1) imply that ATy =
I'y—; — I'; is positive semidefinite. Hence, ||AT;|| = Amax(ATL':) > 0. Using the convexity of Apax
over symmetric matrices, we get

T

T
S OlAT = m?xZArt,i
t=1

t=1

= masz: ! — ! = max ! — ! <i
et \/@tfl,i“"e \/17m+6 i \/?70,i+€ \/17T,i+€ T /e

For the second sum of squared norms, notice that for scalars @ > b > 0, it holds that
(a—0)* < (a—0b)(a+b)=a® -1
Therefore, the above derivation can be repeated without the square roots as follows:

T T
STIAL? = max S AT,
=1 R——1

T 1 1 ’
B miaxz <\/17t—1i+€ B \/@t,i+€>

1 1 1 1
= maxz — = = max | < - = S )
Vy_ 1, T € Vg + € i Vo,; + € Ur,; + € €

which completes the proof. O

Lemma 3. For all iterates t > 1 the following bound holds
190 < G2,

Proof. From the update rules we get the bound for v; using the initialization vy = 0:

[vtlloo < [loelli < Ballve—ally + (1 = B2)llgel?
< Bollve—illi 4+ (1 — B2)G?

t—1

Billvoll + (1= B2)G* D B3 < G2
7=0

Hence, using the update rule of ¥, and initialization 7o = 0, we conclude

IA

[1Telloc < max(f|vefloo, 1Te-1lc) < G
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Next, we simplify the optimization setup by considering SGD optimizer over (still generally non-
convex) quadratics. In this special case, we provide improved and generally optimal asymptotic
convergence rate. Moreover, we do not use the bounded gradient condition (i.e., ||g¢||cc < Goo) Of
Assumption[2]in this analysis.

More formally, consider iterates 61 = 6; — 7769 f (é\t), where gt = C(6,) is the compressed model.

Suppose that the loss function is quadratic with Hessian matrix H € RY*% and our compression

scheme C: RY — R¥ is unbiased, namely E¢[6;] = 6;. Since the loss is quadratic, we have
VI(0) = VIO + (0, — 6,)) = Vf(6,) + H(B, — 6,).

Denote by E; = E[-|6;] the conditional expectation conditioned on iterate 6, and apply unbiasedness
of the compression to get

Ed[V @) = [V F(0:)]? + Ec|H@, — 6,)]? (11)
Therefore,

Ee[f(Or1) — f7]

< (F0) - 1) - BT 160, 9]+ LR T 1@

< (00 - 1)~ nEAT 160, 91BN + LBV 1@+ Do?

= (00— 1) =B + ELR 9 0017 + L 1, - 002 + 2o
6 = ) =0~ IR + LB, - 0] + o)

< (00 - 1) = TEAIION + ZEE 116 )] + ).

where we used E.[V f (@\t)] = V() due to the unbiasedness of compression and enforced the
bound n < % in the last step. Hence,

RN

£ 310~ ] +07).
Choosing the step size n = min(z, T) and applying L-smoothness, we get O(1/+/T) convergence
1« 1 L
7 2 VO] < —= (2(f(x1) —f)+Lo* + L°E Z 16: @HZD max ( ) :
T VT VT

rate for the uncompressed iterates 6;:
For the convergence bound with respect to the compressed iterates 0t, we apply (TI)) to quantify the
exact difference in average gradient norms with the following identity:

T

;;E[wat)nﬂ < 2<f<xn>T—f> L (E

—ZE IV £(62)13] ZE IV £(60)]13] + E ZHH 0, — 0,) ||21.
Thus, a randomly chosen compressed iterate 0 from {91, ceey HT} satisfies
1 1
E[|Vf(0)|] < — §e2+o<).
[(IVFO)7] < Tt;“ i — 0l Wi

H Improved Sparse Training via RBBM

H.1 Comparison against RigL

In this subsection we compare our backward mask heuristic in Figurg5d| with the RigL method of
(Evci et al., 2020). We run two instances of RigL: 1) the default one that updates the mask once at
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100 steps (i.e. A = 100) and updates the mask for the last time at 75% of training and 2) a version of
RigL that is closer to our RBBM setup, which changes the mask at each step (i.e. A = 1) during the
entire training. In Figure[TTal we observe that both versions of RigL induce lower capacity than our
naive baseline for a fixed sparsity.

1 ——Baseline (MP) —— Baseline (CMP)
—— RigL (delta=100) - —=— Baseline (GMP)
——RigL (delta=1) —— RBBM (GMP)
08 ——RBBM 06

Capacity
Capacity

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.5 0.6 0.7 0.8 0.9
Sparsity Sparsity

(a) Pre-training Llama-30M with different sparsities (b) Pre-training Llama-30M with different sparsities
using our MP baseline, RBBM heuristic and Rigl.  using our constant MP (CMP) baseline, GMP and
variations. RBBM heuristic with GMP schedule.

Figure 11: Comparison of sparse training methods for Llama-30M.

H.2 Comparison against Gradual Magnitude Pruning (GMP)

In this section we show our results for applying the GMP sparsity schedule [32] for our setup in
Figure[TTb] Our first baseline is the constant Magnitude Pruning (CMP), where the backward mask is
identical to the forward mask (determined by Top-K) and the sparsity is kept fixed during training.
The second baseline is the original GMP where sparsity increases gradually and we compare against
the gradual sparsity schedule applied to our b-rms heuristic.

We observe our RBBM heuristic with GMP schedule has lower capacity than both CMP and GMP
baselines when sparsity is < 40%. However, for sparsities > 40% there is no significant difference
in capacity between CMP and GMP schedules.

H.3 Backward Mask Heuristics

In this section we provide more details about our backward heuristics.

Our purpose is to perform sparse training for both forward and backward passes. All models are
trained with the same learning rates as in the Quest project.

Notations. Let 6 be the model parameters, My be the be the mask for the forward pass, and Mgy,
be the mask for the backward pass.

Forward Pass. The mask for the forward pass is computed using Top-K operator, where K is chosen
based on the target sparsity. Supposing Top-K returns the indices of largest entries by magnitude, the
i*" entry in the forward mask for a tensor x is computed using the indicator function I as follows:

My (x) = 1[i € TopK (|z|)] (12)

Backward Pass. The mask for the backward pass is computed using a few heuristics described
below.

1. fw: the backward mask is simply set to the forward mask: Mpy = Mgy . This heuristic allows
gradients to flow only through the largest parameters by magnitude selected by Top-K, while the
low-magnitude parameters will have zero gradient

2. rms: we align the tensor x with the standard normal distribution by dividing x by its root mean

square RM S(z) = /1 3" | 22, which results in ||2/RM S(z)||3 = n. For this heuristic, the
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user sets a median deviation parameter p € (0, 0.5), which is used to determine the threshold for
the backward mask Trass(x, p) = RMS(x) - ppf(0.5 + p), where ppf is the inverse cumulative
distribution function of the standard normal distribution (see the scipy.stats.norm.ppf| function).
The multiplication with RM S(x) has the purpose of converting the threshold for the standard
normal distribution to the threshold for the vector z. As aresult, Mpw = |z| > Tras(x,p).

. banded-rms (b-rms): the rms heuristic has the property that the absolute values of x that are

larger than the threshold Trss(x, p) will have value 1 in the mask, while the smaller ones will
have value 0. This banded heuristic determines the backward mask using the threshold Trass(, p)
computed for the rms heuristic in conjunction with the Top-K threshold (which we denote by T}).
We want to allow gradients to flow for the small parameters and create a band between Trars(z, p)
and T}, where we do not allow gradients. Concretely, the backward mask is set as follows: Mgy =
(lz] < min(Trams(x,p), Tk)) V (mazx(Trars(x, p), Ti) < |x|). Since the median deviation p is
a hyper-parameter, we do not have any control over the relationship between Trass (2, p) and Ty,
and we are using the min and max functions to make sure the band is valid, e.g. the parameters
do not receive gradient if they lie in the interval [min(Ty, Tras(x, p)), max(Ty, Tras(x, p))]-

. area-banded-rms (a-b-rms): in the b-rms heuristic we do not have any control over the re-

lationship between the Top-K threshold T}, and Trass(x,p). Let us discuss the two possible
cases:

@ Ty < Trums(z,p) : Mpw = (|z| < Tk) V (Tryms(z,p) < |z|), which means that all
values from x with a lower magnitude than T}, and larger magnitude than Trss(z, p) will
get gradient, while the values in the range [T, Trars (2, p)] will not receive gradient, even
though they were selected among the Top-K during the forward pass.

(b) Tryms(x,p) < Tk : Mpw = (|z| < Trms(x,p)) V (T < |x|), which is the desired case
we developed the b-rms heuristic for: the largest entries from x according to the Top-K rule
will receive gradient, as well as the entries smaller than Trpss(z, p). The entries lying in the
interval [Trass(x, p), Ti] will not receive gradient.

We want to make sure that case (a) above does not happen in practice and force the heuristic
to behave as in the case (b). For this, we need to change the way we compute the threshold

Trums(z,p).

The area-b-rms heuristic uses the area hyper-parameter a € [0, 1] (instead of median deviation
p) and expresses the width of the band starting from the Top-K parameter 7}, towards zero
to compute the threshold 7, to make sure the condition 7,, < T} always holds. As a result,
Mpw = (Jz| < T,) V (T}, < |z|). For example, a = 0 yields T}, = T, and this heuristic turns
into fw, while ¢ = 1 yields T, = 0 and is equivalent to My = 1, (all entries set to 1, meaning
all parameters get gradients). When a € (0, 1), the parameters smaller than 7T}, or larger than T},
get gradients, while the parameters lying in the interval [T, T;] do not get gradients.

How to compute the threshold 7,? Compared to the threshold computation for the previous
heuristic, the definition for 77, is slightly more complicated and it was computed graphically. Let f
be the cdf function and f~! be the ppf function (inverse cdf) for the standard normal distribution.

T,=RMS(x)- f~! (0.5 +(1—a)- (f (RMTE(J:)> - 0.5)) (13)

Explanations for the formula above. Suppose the Top-K threshold 7}, has a corresponding
cdf of 0.8 and we set a = 0.5 (which means 50%). We need to set the threshold 7T}, such that
(f(Tx) — f(Tw))/(f(Tk) — 0.5) = a, where 0.5 is the cdf of the mean (which is identical to the
median for a standard normal distribution). This ratio expresses the length of the band [0.5, f(T})]
in the cdf space starting from f(T}) towards the median. As a consequence, the threshold
T, = ppf(0.65) because the quantile 0.65 is the center of the interval [0.5, cdf (T} )] = [0.5,0.8].
The explanations of each term follow:
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T,=RMS(z) - f1105+(1—a)-|f (T’“> —-0.5

* A: f = cdf computes the corresponding quantile of the Top-K threshold T} normalized by
RMS(x)

* B: subtract 0.5 from term A to compute the length of the interval [0.5, f(T,FM9)]

e C: multéply by 1 — a because we take into consideration the band length that starts at
F(TEMS) towards 0

* D: compute the cdf of T}, by offsetting again by 0.5 (the quantile of the median)

 E: use ppf = f~! to obtain the value that corresponds to cdf (T},) for the standard normal
distribution

* F: multiply by RM S(x) to obtain T}, in the same space as x

Technical note. One could determine the threshold 7}, naively by employing the formula 7,47¢ =
(1 — a)T}. Despite simpler, this naive approach leads to a narrower band because the cdf space is
non-linear.

Conclusion. The mask computed using the a-b-rms heuristic is more straightforward to under-
stand because the parameter a describes the area of the red band (where parameters do not receive
gradients) as a percentage of the area between 0 and the Top-K threshold 7% . This heuristic can be
used as a replacement for b-rms and the parameter a should be tuned, similarly to parameter p for
b-rms, with the distinction that a € [0, 1] (for a-b-rms) and p € (0, 0.5) (for b-rms).
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